Let m and n be positive integers with m, n ≥ 2. The second Hardy-Littlewood conjecture states that the number of primes in the interval (m, m + n] is always less than or equal to the number of primes in the interval [2, n]. Based on new explicit estimates for the prime counting function π(x), we give some new ranges in which this conjecture holds.
Introduction
The prime counting function π(x) denotes the number of primes less or equal to x. In 1872, Lionnet [12] raised the question whether the inequality (1.1) π(2n) − π(n) ≤ π(n) holds for every integer n ≥ 2. This means that for each integer n ≥ 2 the interval (n, 2n] contains at most as many prime numbers as the interval [2, n] . A first progress concerning this question was done by Landau [11, p. 215-216] . He used the Prime Number Theorem, i.e.
as x → ∞, to show that (1.1) holds for every sufficiently large positive integer n. In 1923, Hardy and Littlewood [8] conjectured that lim sup n→∞ (π(x + n) − π(n)) ≤ π(x)
for every x ≥ 2. From here it has been derived the well known conjecture (in the following denoted by HLC) that (1.2) π(m + n) ≤ π(m) + π(n) ∀ m, n ∈ N \ {1}.
Clearly, the HLC is a generalization of Lionnet's question (1.1) . Although the HLC could neither be proven nor disproved in general so far, some special cases can be shown. As a consequence of their explicit estimates for π(x), Rosser and Schoenfeld [16] stated without proof that
for every real x ≥ 3. A detailed proof was finally given by Kopetzky and Schwarz [10] . If we combine (1.3) with π(4) − π(2) = π(2), it turns out that Lionnet's inequality (1.1) indeed holds for every integer n ≥ 2. Erdös [6] reported that Ungar verified the HLC for every pair of integers (m, n) satisfying 2 ≤ min(m, n) ≤ 41. One year later, Schinzel and Sierpiński [18] could show that the inequality is fulfilled for every pair of integers (m, n) with 2 ≤ min(m, n) ≤ 132. In a later paper, Schinzel [17] extended this range to 2 ≤ min(m, n) ≤ 146. The current best result in this direction was given by Gordan and Rodemich [7] . They found that the HLC is fullfilled for every pair of integers (m, n) satisfying Using explicit estimates for the prime counting function π(x), we find the following improvement.
Theorem 1.1. Let m and n be integers satisfying m, n ≥ 2 and m/1950 ≤ n ≤ m. Then we have π(m + n) ≤ π(m) + π(n).
In 1975, Udrescu [21] found the following generalization. Under the assumption that n satisfies εm ≤ n ≤ m, where ε is a real number with 0 < ε ≤ 1, he showed that the HLC holds for every sufficiently large positive integer m. Dusart [4] showed that Udrescu's result holds for every integer m ≥ e 3.1/ log(1+ε) . We give the following improvement. In [15] , Panaitopol [15] used explicit estimates for the prime counting function π(x) to get that the HLC is true for all positive integers m, n ≥ 2 with
Since π(x) ∼ x/ log x as x → ∞, the last result yields an improvement of Theorem 1.1 for all sufficiently large values of m. In this paper, we find the following refinement of (1.6).
In the case where m + n ≤ 10 20 , we can use some recent results concerning the distance of π(x) and the logarithmic integral li(x), which is defined for every real x > 1 as
to get the following result.
Theorem 1.4. Let c 1 = 2(1 − log 2) = 0.6137 . . .. Then we have π(m + n) ≤ π(m) + π(n) for all integers m ≥ n ≥ 2 satisfying m + n ≤ 10 20 and
Finally, we find the following result which depends on the correctness of the Riemann hypothesis.
Theorem 1.5. Let c 2 = 1/(4π). If the Riemann hypothesis is true, then π(m + n) ≤ π(m) + π(n) for all integers m ≥ n ≥ 2 satisfying n ≥ c 2 √ m log m log(m log 8 m).
On a result of Segal
In 1962, Segal [20, Theorem I] obtained the following inequality condition involving only prime numbers which is equivalent to the HLC. Here, as usual, p r denotes the rth prime number. Lemma 2.1 (Segal) . The HLC is true if and only if
Then, Segal [20, Theorem II] used this equivalence to get the following result.
Lemma 2.2 (Segal) . If the HLC is false for some positive integer m + n, then the smallest such value of m + n is the smallest value of p k for which (2.1) is false.
He used a computer to see that the inequality (2.1) holds for every positive integer k ≤ 9679; i.e. for every prime number p k ≤ 101 081. Now it follows from Lemma 2.2 that the HLC holds for all integers m, n ≥ 2 with m + n ≤ 101 081. In 2001, Panaitopol [14] improved Lemma 2.1 by showing the following Lemma 2.3 (Panaitopol) . The HLC is true if and only if the inequality (2.1) holds for all integers k, q satisfying k ≥ 9680 and 34 ≤ q ≤ (k − 1)/27. Using Lemmata 2.2 and 2.3 and a computer, Panaitopol [14] found that the HLC is true for all integers m, n ≥ 2 with m + n ≤ 3 497 861 = p 250000 . Extending this computation, we get the following Proposition 2.4. Let N 0 = 1.7 × 10 9 . Then the HLC holds for all integers m, n ≥ 2 satisfying m + n ≤ 39 708 229 123 = p N0 .
A Proof of Theorem 1.1
First, we set
By [1, Corollary 3.5], we have π(t) ≥ f 1 (t) for every t ≥ 468049. Let b a real number with b ∈ (1, 2) and let B a positive real number so that π(t) ≤ f b (t) for every x ≥ B. Further, let r and s be positive real numbers with r ≥ s ≥ 1. We set
Then we get the following result.
Then we have π(x + y) ≤ π(x) + π(y) for every pair of real numbers (x, y) satisfying x ≥ y ≥ 3,
We need to show that h(x, y) ≥ 0. First, we note that
Since log(x/y) ≥ log s, we have
. Substituting the definition of η b (r, s) into the last inequality, we see that
.
Let κ(r, s) = r log(1 + 1/r) + log(s + 1). Then we can use (3.2) to get that the last inequality is equivalent to
Now we substitute the definitoin of κ(r, s) to obtain the inequality
Therefore,
Next, we note that y ≥ x/r ≥ 468049 and
Now we can use (3.4) and (3.5) to get the inequality
Finally it suffices to apply the inequality (3.6). and it suffices to apply (4.1) and (4.3).
A Proof of Theorem 1.3
Let k be a positive integer and ε be positive real number. By Panaitopol [13] , there exist positive real numbers a 1 , . . . , a k and two positive real numbers α k and β k = β k (ε) so that
Further, let γ k = γ k (ε) be the smallest positive integer so that
for every x ≥ γ k . Then we obtain the following result. Proof. Since x ≥ exp( k c 2 /(2(c − ε))), we have
Using the inequality log(1 + t) ≥ t − t 2 /2, which holds for every t ≥ 0, we see that
If we combine the last inequality with (5.1), it turns out that
On the other hand, we have y ≤ x and x ≥ γ k . Hence Proof of Theorem 1.3. Let k = 2. We set a 1 = 1 and a 2 = 2.85. By [2, Corollary 3], we can choose α 2 = 38 099 531. Further, we set ε = 0.70863503301170907614119. Then we can use [2, Theorem 2] to see that (5.2) holds for every x ≥ β 2 = 14 000 264 036 190 262. A simple calculation shows that γ 2 = 23. Now let c = c 0 . Substituting these values into Proposition 3.1, it turns out that the inequality π(m + n) ≤ π(m) + π(n) holds for all integers m ≥ n ≥ 2 satisfying m ≥ 14 000 264 036 190 263 and n ≥ cm/ log 2 m. If m ≤ 14 000 264 036 190 262, the claim follows from Theorem 1.1.
A Proof of Theorem 1.4
First, we note some results of Dusart [5] concerning the distance of π(x) and li(x). Proposition 6.1 (Dusart) . For every real x with 2 ≤ x ≤ 10 20 , we have
and for every real x satisfying 1 090 877 ≤ x ≤ 10 20 , we have 1) , we see that π(m+n) ≤ li(m+n). Now we can use the mean value theorem to see that π(m+n) ≤ li(m)+n/ log m. Applying (6.2) to this inequality, we get
which is equivalent to (6.3) π(m + n) ≤ π(m) + 2 √ m log m + n log n − 1 − n(log(m/n) + 1) log m(log n − 1) .
Since m ≥ 39 687 876 366, we have n ≥ 887 293.So we can apply the inequality including π(x) given in [3, p . 55] to (6.3) and get (6.4) π(m + n) ≤ π(m) + π(n) + 2 √ m log m − n(log(m/n) + 1) log m(log n − 1) .
In order to prove the theorem, we consider the following three cases. Case 1. √ m log m/ log log m ≤ n ≤ c 0 m/ log 2 m.
In this first case, the inequality (6.4) implies that
where c 3 = log(c 0 ) − 1 = −1.17409 . . .. The assumption n ≥ √ m log m/ log log m implies that
Applying this to (6.5), we obtain the inequality π(m + n) ≤ π(m) + π(n). Applying this to (6.4), we see that the inequality π(m + n) ≤ π(m) + π(n) holds.
Case 3. 2 √ m ≤ n ≤ 2 √ m(1 + 4 log log m/ log m). Let r(x) = 1 + 4 log log x/ log x. In this latter case, a simple calculation shows that
Now we apply this to (6.4) to get the required inequality.
In this latter case, we have
Finally, we apply this to (6.4) to arrive at the end of the proof.
A Proof of Theorem 1.5
Under the assumption that the Riemann hypothesis is true, Schoenfeld [19, Corollary 1] showed that
for every x ≥ 2657. In 2018, Dusart [5, Proposition 2.6] found the following refinement.
Proposition 7.1 (Dusart) . If the Riemann hypothesis is true, then
for every real x ≥ 5639.
We use Proposition 7.1 to find the following proof of Theorem 1.5.
Proof of Theorem 1.5. If m ≤ 5 × 10 19 , then m + n ≤ 2m ≤ 10 20 and the result follows directly from Theorem 1.4. So it suffices to consider the case where m ≥ 5 × 10 19 . In order to prove the theorem, we consider the following three cases.
Case 1. n ≥ c 2 √ m log 3 m.
If n ≥ c 0 m/ log 2 m, where c 0 is given as in Theorem 1.3, the result follows directly from Theorem 1.3.
Hence we can assume that c 2 √ m log 3 m ≤ n ≤ c 0 m/ log 2 m. By Proposition 7.1, we have π(m + n) ≤ li(m + n) + f (m + n), where f (t) = (1/(8π)) √ t log(t/ log t). Now we use the mean value theorem to get
Next we apply Proposition 7.1 to obtain the inequality
which is equivalent to
Since m ≥ 5 × 10 19 , we have n ≥ c 2 √ m log 3 m ≥ 52 511 298 895 885. So we can apply the inequality including π(x) given in [3, p. 55 ] to the last inequality and get .
Clearly, it suffices to show that g(m, n) ≤ 0. This inequality is equivalent to
the inequality n ≥ c 2 √ m log 3 m implies (7.2) and we get π(m + n) ≤ π(m) + π(n). Case 2. c 2 √ m log m log(m log 13 m) ≤ n ≤ c 2 √ m log 3 m. From (7.1), it follows that the inequality π(m + n) ≤ π(m) + π(n) holds if
We have
So if n fulfills the inequality n ≥ c 2 √ m log m log(m log 13 m), we get the inequality (7.3). Hence we have π(m + n) ≤ π(m) + π(n). We use (7.1) to see that the inequality π(m + n) ≤ π(m) + π(n) holds if To formulate the Prime k-tuples Conjecture, we first introduce the following definition.
Definition. A k-tuple of distinct integers b 1 , . . . , b k is admissible if for each prime p, there is some congruence class mod p which contains none of the b i .
Prime k-tuples Conjecture. Let b 1 , . . . , b k be an admissible k-tuple of integers. Then there exist infinitely many positive integers n for which all of the values n + b 1 , . . . , n + b k are prime.
Remark. The Prime k-tuples Conjecture is a special case of Schinzel's Hypothesis H [18, p. 188 ].
In order to show that the HLC and the Prime k-tuples Conjecture are incompatible, Hensley and Richards [9] used the following function which was introduced by Schinzel and Sierpiński [18, p. 201] . This function describes the maximum number of positive integers in each interval (n, m + n] that are relatively prime to all positive integers less than or equal to m.
Under the assumption that the Prime k-tuples Conjecture is true, Schinzel and Sierpiński [18, pp. 204-205] found the identity (8.1) ρ * (m) = lim sup n→∞ (π(m + n) − π(n)).
Hensley and Richards [9, p. 380] proved that for every real number ε there exists a m 0 (ε) so that ρ * (m) − π(m) ≥ (log 2 − ε) × m log 2 m for every m ≥ m 0 (ε). In particular, the last inequality gives (8.2) lim m→∞ (ρ * (m) − π(m)) = ∞.
So if the Prime k-tuples Conjecture is true, we can combine (8.1) and (8.2) to see that for every sufficiently large values of m there exist infinitly many positive integers n so that the inequality π(m + n) > π(m) + π(n) holds which contadicts the HLC.
